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One of the key results we associate with the Pareto/NBD model (Schmittlein

et al. 1987) is an expression for P (alive | x, tx, T ), the probability that a
customer with purchase history (x, tx, T ) is “alive” at time T .

In Fader, Hardie and Lee (2005) we present the BG/NBD model as
an alternative to the Pareto/NBD. The positioning of this work is that

the model yields very similar results to the Pareto/NBD while being vastly
easier to implement. Although we present analogous expressions for most
of the quantities reported in Schmittlein et al. (1987), we do not report an

expression for P (alive). This has led some to claim that this quantity cannot
be computed using the BG/NBD model; as we shall see, this is not the case.

(Our primary reason for not presenting this result is simply that we see
the quantity as a means to an end, not an end in and of itself. However,

continued interest in it leads us to write this note.)
Deriving the expression for P (alive) under the BG/NBD model is a triv-

ial exercise. Given the assumptions of the BG/NBD model, the probability
that a customer with purchase history (x, tx, T ) is alive at time T is simply

the probability that he did not “die” at tx.
Recall the BG/NBD likelihood function:

L(r, α, a, b |x, tx, T ) =
B(a, b + x)

B(a, b)

Γ(r + x)αr

Γ(r)(α + T )r+x

+ δx>0

B(a + 1, b + x − 1)

B(a, b)

Γ(r + x)αr

Γ(r)(α + tx)r+x
. (1)

† c© 2008 Peter S. Fader, Bruce G. S. Hardie, and Ka Lok Lee. This document can be

found at <http://brucehardie.com/notes/021/>.
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Noting that the first half of (1) represents the likelihood under the assump-
tion that the customer did not die at tx (and is therefore alive at T ), while

the second half represents the likelihood under the assumption that the cus-
tomer died at tx, the application of Bayes’ theorem gives us

P (alive | x, tx, T, r, α, a, b)

=
B(a, b + x)

B(a, b)

Γ(r + x)αr

Γ(r)(α + T )r+x

/

L(r, α, a, b |x, tx, T )

= 1

/{

1 + δx>0

a

b + x − 1

(

α + T

α + tx

)

r+x
}

.

We note that P (alive) = 1 for a customer who made no purchases in
the interval (0, T ]; this follows from the model’s assumptions that death

occurs after a purchase and that customers are alive at the beginning of the
observation period. Those interested in the P (alive) metric may view this
as a shortcoming of the model.

There are two ways to overcome this potential problem.

1. One variant of the basic BG/NBD model relaxes the assumption that
all customers are alive at the beginning of the observation period. In

particular, we assume that π × 100% of the customer base is “dead”
at the beginning of the observation period, with the behaviour of the

remaining (1 − π) × 100% of the customer base is governed by the
BG/NBD model. (There is an obvious parallel with the zero-inflated
NBD model— see, for example, Morrison (1969).)

The likelihood function for this variant of the basic model is

L(r, α, a, b, π | x, tx, T ) = πδx=0 + (1− π)

{

B(a, b + x)

B(a, b)

Γ(r + x)αr

Γ(r)(α + T )r+x

+ δx>0

B(a + 1, b + x − 1)

B(a, b)

Γ(r + x)αr

Γ(r)(α + tx)r+x

}

.

It follows that

P (alive | x, tx, T, r, α, a, b, π)

=



























(1 − π)

/{

π

(

α + T

α

)

r

+ (1− π)

}

x = 0

1

/{

1 +
a

b + x − 1

(

α + T

α + tx

)

r+x
}

x > 0

(We have not found support for π > 0 in our limited empirical testing

of this model variant.)
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2. Another variant of the basic BG/NBD model sees a flip of the “death
coin” occurring at time 0. The likelihood function for this variant of

the basic model is

L(r, α, a, b | x, tx, T ) =
B(a, b + x + 1)

B(a, b)

Γ(r + x)αr

Γ(r)(α + T )r+x

+
B(a + 1, b + x)

B(a, b)

Γ(r + x)αr

Γ(r)(α + tx)r+x
.

As this variant did not yield a better fit to the CDNOW dataset,
we chose not to explore it in our paper. However, it has has been

examined by Batislam et al. (2007, 2008), Hoppe and Wagner (2007),
and Wagner and Hoppe (2008).

It follows that

P (alive | x, tx, T, r, α, a, b) = 1

/{

1 +
a

b + x

(

α + T

α + tx

)

r+x
}

,

which is less than 1 for a customer who made no purchases in the
interval (0, T ].
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